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The mechanism of quantum chaos manifestations in the spectra of singularly
perturbed wave-billiard systems
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The spectra of a microwave cylindrical resonator with the embedded thin metal rod playing
the role of a singular perturbation are studied both theoretically and experimentally. The intra-
and inter-mode scattering caused by the perturbation are clearly distinguished and recognized to
play essentially different parts in the appearance of spectrum chaotic properties. The analysis
based on the mode-mixing operator norm shows that the inter-mode scattering dominates over
the intra-mode scattering and basically determines statistical properties of the resonator spectrum.
The results we have obtained in the experiment are in good conformity with our theory. Clear
manifestations of quantum chaos are revealed for the resonator with the asymmetrically inserted
rod, namely, the Wigner-type distribution of the inter-frequency intervals, the apparent correlation
between spectral lines, and the characteristic curve of the spectral rigidity. By comparing the
theory and the experiment we succeeded in establishing for the first time that it is just the inter-
mode scattering that is responsible for the quantum chaos manifestations in the singularly perturbed
integrable wave-billiard system.
PACS numbers: 05.45.Mt, 32.30.Bv, 42.60.Da, 42.25.Fx
The present paper is focused on the study of quan-
tum chaos in linear wave-resonance systems similar to
classical Sinai billiard. Nowadays this problem attracts
much attention, as is demonstrated by numerous theo-
retical and experimental researches in the field (see, e. g.,
Ref. [1] and references therein). The concept of quantum
chaos (QC) is quite general, spanning the broad range
of researches related to quantum-mechanical description
of systems possessing chaotic properties in the classical
limit. It is for this reason that the studies of QC are
of great interest, being related to realization of the prin-
ciple of correspondence between classical and quantum
mechanics.
Conventionally, the QC system is the time-inversion in-
variant system whose dynamics is governed by quantum
(or wave) equations and whose classical analog possesses
chaotic properties. According to Bohigas, Giannoni and
Schmit conjecture [2], statistical properties of such a sys-
tem may be described with the aid of Random Matrix
Theory [3]. The main signatures of QC that result from
this theory are the spectrum chaotic appearance and the
correlation between spectral lines, the latter being man-
ifested through the peculiar level repulsion and through
the Wigner (or close) distribution of inter-frequency (IF)
intervals.
In studies on quantum chaos, the scattering billiards of
Sinai and Bounimovich type are normally used, in which
QC signatures were detected experimentally [1]. The sig-
natures are also pertinent to other systems, such as scat-
tering billiards with randomly rough boundaries [4], vol-
ume billiards with random bulk inhomogeneities [5, 6],
cylindrical billiards with kinks of the lateral boundaries,
where the second derivative disappears at some distinct
points [7, 8]. Besides that, the presence of QC signatures
was predicted for quantum/wave systems containing one
or more quite small inclusions, each being treated as
a singular perturbation [9, 10]. Yet, in spite of the fruit-
fulness of the theoretical method applied in Refs. [9, 10] a
number of questions were not properly clarified in those
papers. In particular, one of the fundamental questions
remained unclear, viz., what is the actual physical reason
for the quantum or wave system subject to small spatial
perturbation to take on the well-defined QC signatures?
In the present paper, the goal is to examine, both
theoretically and experimentally, spectral properties of
a cylindrical quasioptical cavity resonator of radius R
supplied with the metallic rod of small diameter d ≪ λ
(λ is the wave length) positioned parallel to the resonator
axis at an arbitrary distance r0 from it (see Fig. 1). In
FIG. 1: (Color online) Cylindrical quasioptical cavity res-
onator with narrow metallic rod assigned to simulate a singu-
lar perturbation.
the presence of the rod the resonator axial symmetry is
violated, so the system becomes non-integrable from the
viewpoint of classical particle dynamics. As to the dy-
namics of waves, on introducing the rod the scattering
arises between oscillation modes, which, as is shown be-
low, has a substantial impact upon the spectrum statis-
2tical properties even if the rod diameter is rather small.
From classical mechanics position, the resonator with a
thin rod inside it may be viewed as a singularly perturbed
Sinai billiard, in which the trajectory instability results
from particle scattering at the rod surface of modulo large
negative curvature. For wave systems, the question of
fundamental concern is whether or not the inter-mode
scattering caused by the perturbation of singular nature
could result in the appearance of QC signatures anal-
ogous to those characteristic for systems with classical
dynamics. In particular, these are the randomly looking
spectrum, the presence of correlation between spectral
lines, and the Wigner-type distribution of the IF inter-
vals.
In theoretical analysis of this spectral problem we sim-
ulate the rod inserted into the resonator by adding the
model effective potential to the wave equation (by anal-
ogy with quantum mechanics). The form and the magni-
tude of the potential are meant to be specified based on
the spectral measurement data. Such a method is quite
transparent for the physical interpretation, as it provides
a way for direct determination of the potential param-
eters. The resonator spectrum is determined from the
Green function equation,[
∆+ k2 − i/τd − V (r)
]
G(r, r′) = δ(r− r′) , (1)
where ∆ is the three-dimensional Laplacian, k2 = (ω/c)2,
and 1/τd is the dissipation rate we introduce phenomeno-
logically; function V (r) is the effective potential meant
to simulate the metallic rod.
Suppose that E-type oscillations are excited in the res-
onator, whose electric field is directed along axis z. The
potential in Eq. (1), allowing for its singular nature, can
be modeled as
V (r) = Λ(k, d)δ(r⊥ − r0) , (2)
where Λ(k, d) is the dimensionless parameter dependent
on the oscillation frequency and the rod diameter d;
r⊥ is the radius-vector component perpendicular to axis
z, r0 is the plain vector that specifies the position of the
perturbing rod relative to the resonator main axis.
In Fourier representation, equation Eq. (1) takes on
the form of an infinite set of coupled equations for Green
function matrix elements,
(k2 − κ2
µ
− i/τd − Vµ)Gµµ′
−
∑
ν 6=µ
UµνGνµ′ = δµµ′ . (3)
Here, µ = (l, n, q) is the vectorial mode index conju-
gate to coordinate vector r = (r, ϕ, z), κ2
µ
is the (taken
with “minus” sign) eigenvalue of the Laplace operator
corresponding to the µ-th spatial mode of the empty res-
onator. We will refer to this quantity as the “unper-
turbed mode energy”. Quantities Uµν and Vµ ≡ Uµµ are
the mode matrix elements of the potential Eq. (2) taken
between the eigenfunctions of the unperturbed resonator,
Uµν =
∫
Ω
dr〈r;µ|V (r)|r;ν〉 . (4)
In paper Ref. [4] it was shown that equations Eqs. (3)
can be solved for the entire set of the Green function
matrix elements using the special functional method of
mode separation. Within this method, the non-diagonal
elements of Green matrix {Gνµ} are linearly expressed
through the diagonal ones, whose equations are strictly
decoupled and then solved to
Gµµ =
(
k2 − κ2
µ
− i/τd − Vµ − Tµ
)−1
. (5)
Owing to the linear relationship between “skew” and di-
agonal Green matrix elements, the poles of exactly Green
functions Eq. (5) determine the resonator spectrum.
In expression Eq. (5), along with scalar potential Vµ
describing the impact on the spectrum of scattering
events with no change in the mode index (the so-called
intra-mode scattering), the potential Tµ is also present,
which possesses the operator structure. This potential is
nothing else but the regularized T -matrix, which allows
for the inter-mode scattering and the associated mode
intermixing. The exact form of the T -potential is
Tµ = PˆµUˆ
(
1− Rˆ
)−1
Rˆ Pˆµ , (6)
where Pˆµ is the projection operator the action of which is
to assign pre-specified value µ to the nearest mode index
of any operator standing next to it, both to the left and
to the right; Uˆ is the null-diagonal matrix whose non-
vanishing elements are inter-mode potentials Uµν with
µ 6= ν, Rˆ = Gˆ(V )Uˆ is the mode-mixing operator which
includes the “seed” Green operator Gˆ(V ) with diagonal
mode matrix consisting of the entire set of trial Green
functions. These functions are the solution to equation
set (3) with all the inter-mode potentials temporarily set
to zero, viz.
G(V )
µ
=
(
k2 − κ2
µ
− Vµ − i/τd
)−1
. (7)
The functions Eq. (7) may be regarded as constituting
the basis for the development of perturbation theory with
regard to the inter-mode potentials only, the intra-mode
scattering being accounted for in full.
Although the spectrum of the resonator with the
inserted rod is completely determined by propagators
Eq. (5), the practical usage of formula Eq. (6), in view
of its complicated functional structure, is difficult in the
general case. Yet, possessing the exact expression for
the T -potential that takes the account of the inter-mode
scattering, one can analyze in detail the limiting cases of
weak and strong mode correlation, bearing in mind small
or large (as compared with unity) norm of mode-mixing
operator Rˆ. To calculate this norm one has to use the ex-
act form of potentials Eq. (4). Within the model Eq. (2),
these potentials are easily calculated and become
3Vµ =
1
piR2
Λ(k, d)C2lµnµJ
2
|nµ|
(
γ
(|nµ|)
lµ
r0
/
R
)
, (8a)
Uµν = δqµqν
Λ(k, d)
piR2
ClµnµClνnνJ|nµ|
(
γ
(|nµ|)
lµ
r0
/
R
)
J|nν |
(
γ
(|nν |)
lν
r0
/
R
)
, (8b)
where numerical coefficients Cln = J
−1
|n|+1
(
γ
(|n|)
l
)
originate from eigenfunction normalization. With potentials
Eqs. (8), the operator Rˆ square norm is calculated to
‖Rˆ‖2 =
[
Λ(k, d)
piR2
]2
max
µ
[ ∑
lν ,nν
δqνqµ
ClνnνClµnµ
k2 − κ2
ν
+ i/τd − Vν
J|nν |
(
γ
(|nν |)
lν
r0
/
R
)
J|nµ|
(
γ
(|nµ|)
lµ
r0
/
R
)]
×
[ ∑
l
ν′
,n
ν′
δq
ν′
qµ
Cl
ν′
n
ν′
Clµnµ
k2 − κ2
ν′
− i/τd − Vν′
J|n
ν′
|
(
γ
(|n
ν′
|)
l
ν′
r0
/
R
)
J|nµ|
(
γ
(|nµ|)
lµ
r0
/
R
)]
. (9)
This expression enables the order-of-magnitude estima-
tion of ‖Rˆ‖ in different limiting cases, and in this way
makes it possible to specify the degree of the mode in-
termixing, which is responsible for the spectrum chaotic
property.
The most interesting for us is the limiting case where
the intra-mode scattering is weak and does not noticeably
affect the mode correlation. The condition for this is the
fulfilment of inequality
Λ (k, d)≪ (kR)2 , (10)
where the quantity on the right-hand side is large as com-
pared to unity. On condition Eq. (10), the intra-mode
potentials in expression Eq. (9) may be safely omitted,
thus giving the following estimation for the mode-mixing
operator norm,
‖Rˆ‖2 ∼ Λ2 (k, d) . (11)
Based on this estimate one can infer that under weak
intra-mode scattering, the level of mode intermixing, and
therefore the degree of the state of chaos in the spectrum,
may differ essentially, depending on whether the coupling
constant entering Eq. (2) is small or large as compared
to unity. If ‖Rˆ‖ ≪ 1, the modes are correlated relatively
weakly and in fact are clusterized. Conversely, if ‖Rˆ‖ ≫ 1
the mode spectrum is to be considered as correlated er-
godically.
To elucidate the questions that arise in the analysis
of spectrum chaotic properties it is necessary to specify
the model coupling constant Λ, i. e., its value and the
behavior as a function of governing parameters, which
are the oscillation frequency and the diameter of the in-
serted rod. Since the exact form of the model potential
is indeterminate, for the valid choice of the coupling con-
stant in Eq. (2) we have performed a set of experiments
with a quasioptical cavity resonator, where the singular
scatterer was realized in the form of the asymmetrically
positioned thin metal rod (see Fig. 1). A resonator with
the inserted circular rod is similar to the classical Sinai
billiard, which is known to be a nonintegrable system
where the trajectory instability results from particle scat-
tering at the rod lateral surface of negative curvature. In
wave systems, the trajectory concept is inappropriate, so
in this case an issue arises whether the wave scattering
by small-diameter cylindric insert could result in the ap-
pearance of main signatures of the quantum chaos.
To answer this query, in the resonator of 130 mm di-
ameter and 15 mm in height the oscillations were excited
by means of diffraction antenna over the frequency range
of 26÷39 GHz. The antenna was the round hole 2 mm in
diameter in a thin copper membrane (0.1 mm thick) that
shuts the outlet from the rectangular launching waveg-
uide. With such an antenna, both H and E type oscil-
lations were excited. In the former case, the wide side
of the waveguide was directed along the resonator verti-
cal axis whereas in the latter case it was oriented in the
perpendicular plane. To record the measurement data,
the wide-band gage, which enables determining the sig-
nal passing through the resonator, was used. The gage
allowed one, during the comparatively short period of
time (of about 40 sec.), not only to computer-record the
resonator spectrum in the required frequency range but
also to determine the resonance frequency and the width
of each of the multiple (a few hundreds) spectral lines.
The calibrator built into the special computer programm
have made it possible to ensure quite high accuracy of
spectral line measurements. The relative error in deter-
mining the spectral line frequencies and their widths was
10−6 and 10−4, respectively. It was also possible to vary
the magnitude of the singular perturbation using the rods
of different diameters, thereby adjusting the inter-mode
scattering level.
The measured spectra of E and H oscillations were
4found to be of the same qualitative character. Both of
them consist of spectral lines that seem to be randomly
FIG. 2: The fragment of the resonator frequency spectrum.
distributed over the frequency axis (see Fig. 2). Yet, the
quality factors differ essentially both for E and H oscilla-
tions, and for the oscillations of the same type. Note that
the H oscillations Q-factors were appreciably greater as
compared to the Q-factors for E-type oscillations.
To specify the degree of the resonance mode coupling
to the additional object in the resonator we employed
the following technique. We selected a characteristic line
within the spectrum, and for this line the frequency shift
was measured when inserting the rods of different ge-
ometric parameters. When estimating the inter-mode
scattering rate, the coupling of different modes with the
perturbation was reckoned to be the same, to an accu-
racy of an order of magnitude. The measurements have
revealed that the resonance frequency shift is, firstly, pro-
portional to the rod diameter, |∆ωµ| ∝ d. Secondly, this
shift is of relatively low value, |∆ωµ|/ωµ ≪ 1. To esti-
mate the coupling constant from this shift, we have used
the asymptotic formula for the correction to the mode
energy. The formula follows from Eq. (6) in the limit of
weak inter-mode scattering and is given by
∆κ2
µ
=
Λ2(κµ, d)
(piR2)2
[
ClµnµJ|nµ|
(
γ
(|nµ|)
lµ
r0
/
R
)]2
×
∑
ν 6=µ
δqνqµ
[
ClνnνJ|nν |
(
γ
(|nν |)
lν
r0
/
R
)]2
×
κ
2
µ
− κ2
ν
(κ2
µ
− κ2
ν
)2 + 1/τ2d
. (12)
According to this expression, the coupling constant is
estimated as Λ ∼
√
|∆ωµ|/ωµ ≪ 1, which is entirely
consistent with the approximations made in our theory.
From Eq. (12) it can be easily seen that the shift of
the resonance peak (specifically, of the µ-th one) is de-
termined substantially by the neighboring resonance fre-
quencies. This is evidenced by the presence of the sum
over mode indices ν 6= µ, whose terms contain reso-
nance multipliers. The resonance frequencies are thus
made considerably correlated due to the inhomogeneity-
induced inter-mode scattering, and this is clearly indica-
tive of the chaos in the spectral line distribution.
We have analyzed the spectrum statistical properties
by plotting the histograms of IF intervals for the empty
FIG. 3: (Color online) The IF interval histogram for the un-
perturbed resonator; s is the normalized IF interval length.
For comparison, the solid line indicates the Poisson distribu-
tion.
resonator and for resonators with different perturbing
rods. For the resonator with no rod, the histogram de-
picts virtually the Poisson IF interval distribution (see
Fig. 3), both for E and for H oscillations. This testifies
manifestly the spectral lines statistical independence.
In Figure 4, the histograms are shown for resonators
with the inserted rods of different diameters. It is eas-
ily seen that the singular perturbation leads to the sig-
nificant changes in the spectrum statistical properties,
thus making them largely dependent upon the degree of
the inter-mode scattering. With a growing diameter of
the rod, the coupling parameter in potential Eq. (2) in-
creases progressively, which results in the appreciable re-
distribution of resonance frequencies and in the gradual
Wignerization of the IF interval spectrum.
Even for relatively small diameters of the rod
(d ≈ 0.4 mm), the histogram for E-type oscillations
(Fig. 4a) exhibits an appreciable difference of IF interval
distribution from the Poissonian form. Such a distri-
bution may be thought as an intermediate one between
Poisson and Wigner distributions. As the rod diameter
increases (d > 0.6 mm), the histogram envelope assumes
the form ever more close to the Wigner curve. This is an
evidence of the QC signature appearance in the resonator
with a relatively strong, yet singular in space, perturba-
tion. The results for spectral rigidity in Fig. 5 also indi-
cate the appearance of quantum chaos in the spectrum of
singularly perturbed resonator. The measurements were
made in accordance with the methodology described in
Ref. [11].
Additionally, we have conducted the measurements of
IF interval correlations at different levels of singular per-
turbation of the resonator in question. The results are
in qualitative consistence with the data extracted from
the above-shown histograms. Specifically, the correla-
tion between the nearest levels of the rod-free resonator
5FIG. 4: (Color online) The IF interval histograms for the
resonators perturbed by the rods of different diameters:
a) d = 0.37 mm, Λ = 0.022; b) d = 0.7 mm, Λ = 0.032;
c) d = 1.5 mm, Λ = 0.045 (the error of d is ≈ 10−3 mm). The
rod offset is r0 = 38 mm.
appears to be very small, C(1) = 0.003. This matches
almost ideally the value corresponding to the indepen-
dent lines of the perturbation-free circular resonator.
For the resonator equipped with the rod of diameter
d = 1.5 mm, whose histograms show considerable chaos
signatures, the correlation coefficient C(1) = −0.268.
This agrees fairly well with theoretical estimates of coeffi-
cient C(1) for systems pertaining to the GOE universality
class [2, 12].
Our experimental data likewise have suggested that
factor Λ has much larger values in the case of E os-
FIG. 5: Experimental and theoretical data for spectral rigid-
ity of singularly perturbed resonator with Λ = 0.045 and
d = 1.5 mm. L is the normalized length of the sequence of
measured resonance frequencies [1], the solid line corresponds
to GOE statistics.
cillations than for oscillations of H type. Besides, it
results from the estimates we have conducted that the
intra-mode scattering level is much lower as against that
of the inter-mode scattering. This suggests that at a
sufficiently high level of singular perturbation (kd > 1)
the inter-mode scattering is prevailing. As is seen from
Eq. (12), this scattering mixes the resonance system
states, thereby serving as an origin of the quantum chaos.
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